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Motivation

Goal: scale up Bayesian inference with provable guarantee.
I Simplicity. Applicable to many probabilistic models, even with

non-conjugate priors. Only require loglikelihood rather than its derivative.

I Flexibility. Approximate the posterior by kernel density estimation which
could capture the multimodality.

I Stochasticity. Use a subset of the data each iteration.

I Theoretical guarantee. Converges to the true posterior in terms of
KL-divergence in rate O( 1√

m
) with m particles.

Optimization View of Bayesian Inference

Given model p(x |θ) and prior p(θ), with the dataset X = {xn}Nn=1, the
posterior of θ ∈ Rd computed by Bayes’ rule

p(θ|X ) =
p(θ)

∏N
n=1 p(xn|θ)∫ ∏N

n=1 p(xn|θ)p(θ)dθ

[Zellner(1988)] proposed that the posterior could be viewed as the solution of

min
q(θ)∈P

L(q) := KL(q(θ) || p(θ))−
N∑
n=1

[ ∫
q(θ) log p(xn|θ) dθ

]
,

which is 1-strongly convex w.r.t. KL-divergence.

Stochastic Mirror Descent in Density Space

The functional gradient ∇L(q) is defined as

L(q + εh) = L(q) + ε 〈∇L(q), h〉2 + O(ε2).

Randomly sample xt from X , the stochastic functional gradient of L(q) in L2 is

gt(θ) = log(q(θ))− log(p(θ))− N log p(xt|θ).

The stochastic mirror descent algorithm iteratively solves
prox-mapping [Nemirovski et al.(2009)]

qt+1(θ) = Pqt(γtgt) := argminq̂(θ)∈P {〈q̂(θ), γtgt(θ)〉L2 + KL(q̂(θ)‖qt(θ))}
which leads to update

qt+1(θ) = qt(θ) exp(−γtgt(θ))/Z = qt(θ)1−γtp(θ), (1)

where Z :=
∫
qt(θ) exp(−γtgt(θ)) dθ is generally intractable.

Error Tolerant Stochastic Mirror Descent

Given ε > 0 and g ∈ L2, we define the ε-prox-mapping of q as the set

Pε
q(g) := {q̂ ∈ P :KL(q̂||q) + 〈g , q̂〉L2 6 min

q̂∈P
{KL(q̂||q) + 〈g , q̂〉L2} + ε}

Instead of solving prox-mapping exactly, we apply the updates

q̃t+1(θ) ∈ Pεt
q̃t

(γtgt), t = 1, 2, . . . .

Recall the objective function is 1-strongly convex, we have the recurrence,
∀t 6 T ,

E[KL(q∗||q̃t+1)] 6 εt + (1− γt)E[KL(q∗||q̃t)] +
γ2
tE‖gt‖2

∞
2

Approximation using Weighted Particles

When the prior has the same support as posterior, based on the exact
solution (1), we approximate qt+1(θ) as a set of weighted particles

q̃t+1(θ) =
∑m

i=1α
t+1
i δ(θi),

αt+1
i :=

αt
i exp(−γtgt(θi))∑m

i=1 α
t
i exp(−γtgt(θi))

, {θi}mi=1
i .i .d .∼ p(θ).

One can simply update the set of working variables {αi}mi=1 in the algorithm.

Approximation using Weighted Kernel Density Estimatior

In general, we may not have a good guess for the support of posterior. We
propose weighted kernel density estimator as the approximation to q(θ). In
t-step, we have q̃t from last iteration, we derive the update rule from (1)

q̃t+1(θ) =
∑m

i=1
αi Kh(θ − θi),

αi :=
exp(−γtgt(θi))∑m
i=1 exp(−γtgt(θi))

, {θi}mi=1
i .i .d .∼ q̃t(θ),

where h > 0 is the bandwidth parameter and Kh(θ) := 1
hd
K (θ/h) is a

smoothing kernel.
Remark: 1) The update serves as an ε-prox-mapping. 2) The sampling
procedure adjusts the support of intermediate estimation. 3) The computation
of αi does not need to evaluate Z :=

∫
qt(θ) exp(−γtgt(θ))dθ.

Particle Mirror Descent Algorithm

Particle Mirror Descent

1: Input: Data set X = {xn}Nn=1, prior p(θ)
2: Output: posterior density estimator q̃T(θ)
3: Initialize q̃1(θ) = p(θ)
4: for t = 1, 2, . . . ,T − 1 do

5: Sample xt
unif .∼ X

6: if Good p(θ) is provided then

7: {θi}mt
i=1

i .i .d .∼ π(θ) when t = 1
8: αi ← α1−γt

i p(xt|θi)Nγt,∀i
9: αi ← αi∑mt

i=1 αi
,∀i

10: q̃t+1(θ) =
∑mt

i=1αi δ(θi)

11: else
12: {θi}mt

i=1
i .i .d .∼ q̃t(θ)

13: αi ← q̃t(θi)
−γtp(θi)

γtp(xt|θi)Nγt,∀i
14: αi ← αi∑mt

i=1 αi
,∀i

15: q̃t+1(θ) =
∑mt

i=1αiKht (θ − θi)
16: end if

17: end for

Theoretical Guarantees

Theorem 1 Assume p(θ) has the same support as the true posterior q∗(θ),
and the model ‖p(x |θ)N‖∞ is bounded for any x. Then ∀f (θ) bounded and
integrable, with stepsize γt = η

t , after m iteration, the PMD returns m
weighted particles such that

E [|〈q̃ − q∗, f 〉|] ∼ O(
1√
m

).

Theorem 2 With some mild assumptions about kernel function, and the p(θ)
and p(x |θ) are smooth enough, with stepsize γt ∼ O(1/t), after

√
m iteration,

the PMD returns weighted KDE such that

E[KL(q∗||q̃)] ∼ O(
1√
m

)

Proof idea Denote %m(θ) = 1
m

∑m
i=1ω(θi)Kh(θ, θi), we have

E[%m(θ)] = Eθi[ω(θi)Kh(θ, θi)] = q ? Kh. The error can be decomposed as
follows.

ε := E ‖q̃(θ)− q(θ)‖1

6 E ‖q̃(θ)− %m(θ)‖1︸ ︷︷ ︸
normalization error

+ E ‖%m(θ)− E %m(θ)‖1︸ ︷︷ ︸
sampling error (variance)

+ ‖E %m(θ)− q(θ)‖1︸ ︷︷ ︸
approximation error (bias)

Experiments

I Verification on multimodal model. We compare the alternatives on the
mixture model

θ1 ∼ N (0, σ2
1), θ2 ∼ N (0, σ2

2)

xi ∼ pN (θ1, σ
2
x) + (1− p)N (θ1 + θ2, σ

2
x)

where σ1 = 1, σ2 = 1, σx = 2.5 and p = 0.5. The size of dataset is 1000.
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I Verification on non-conjugate model. We conduct comparison with logistic
regression model on dataset MNIST8M 8 vs. 6 which contains about
1.6M data points.

I Verification on real-world application. We conduct comparison with sparse
Gaussian Processes model on predicting the year of songs. The dataset
contains 0.5M songs.
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