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Abstract
We develop a probabilistic extension of embedding models for link prediction in relational
knowledge graphs. Knowledge graphs are datasets of relational facts among a set of entities, such as people, places, or objects. Even large knowledge graphs typically contain only
few facts per entity, motivating a Bayesian treatment. We find that the main benefit of the
Bayesian approach is that it allows for efficient and scalable optimization over hyperparameters, which leads to an improvement over the state of the art on several benchmarks.
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1. Introduction
A knowledge graph is a dataset of relational facts in the form of triplets (head, relation,
tail ), where head and tail represent entities in the world, e.g., (‘Paris’, ‘is in’, ‘France’).
Empirical knowledge graphs often contain only a small fraction of the enormous number
of true relational facts between a large set of entities, and predicting unobserved relational
facts (‘link prediction’) has attracted a lot of attention (Bordes et al., 2013; Nickel et al.,
2016b; Trouillon et al., 2016; Xiao et al., 2017; Shi and Weninger, 2017; Lacroix et al., 2018).
State of the art link prediction methods (Trouillon et al., 2016; Lacroix et al., 2018)
rely on models that embed each entity and relation into a latent vector space (Nickel et al.,
2016a). The performance of such knowledge graph embedding models has been steadily
improving over the past five years. However, it was pointed out recently (Kadlec et al., 2017)
that the improvement may largely be due to increasingly elaborate hyperparamter tuning
rather than due to better models. Using a large scale grid search over hyperparameters, the
authors obtained competitive performance even with a very simple model.
In this contribution, we propose an efficient method to learn a macroscopic number of hyperparameters for knowledge graph embedding models. This eliminates the need to reduce
the number of hyperparameters by heuristics like frequency dependent regularizers (Lacroix
et al., 2018; Srebro and Salakhutdinov, 2010). Our method is based on a Bayesian reinterpretation of knowledge graph embedding models, motivated by the observation that the
number of data points per entity is typically small, even in large knowledge graphs. The
Bayesian formulationa allows us to efficiently optimize over a macroscopic number of hyperparameters using variational expectation maximization (EM) (Bernardo et al., 2003). Using
this method, we improve over the state of the art performance on standard benchmarks.

2. Knowledge Graph Embeddings as Generative Models of Facts
In this section, we describe a generative model for relational facts, which is the basis of the
hyperparameter optimization method that we propose in Section 3. The generative model
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is designed such that a maximum a posteriori (MAP) estimation of its parameters (Bishop,
2006) recovers existing models.
i 2 [n]
A knowledge graph embedding model over Ne entities and
e 2 [Ne ]
Nr relations assigns embedding vectors Ee and Rr to each
(hi , ri )
Ee
entity e ∈ [Ne ] and each relation r ∈ [Nr ], respectively. We
r 2 [Nr ]
denote the concatenation of all entity and relation embeddings
ti
Rr
by E and R, respectively.
Generative Process. We consider a dataset S = Figure 1: Generative process of triples.
{(hi , ri , ti )}i=1:n of n relational facts with hi , ti ∈ [Ne ] and
ri ∈ [Nr ]. Given some hyperparmeters λ, we define a joint
probability distribution p(E, R, S|λ) via the following generative process (see Figure 1):
• For each entity e ∈ [Ne ] (relation r ∈ [Nr ]), draw an embedding vector Ee (similarly Rr )
R
E
from a prior p(Ee |λE
e ) (similarly p(Rr |λr )), e.g., a normal distribution. Here, λe and
R
λr are hyperparameters that depend, in general, on e and r, respectively.
• Repeat for each triplet index i ∈ {1, . . . , n}:
– Draw a head hi and a relation ri from a discrete joint distribution P (hi , ri ). The
choice of probability distribution P (hi , ri ) has no influence on inference.
– Draw ti ∼ Multinomial(softmaxt (Xhi ,ri ,t )) with softmaxt (Xhi ,ri ,t ) =

exp Xhi ,ri ,t
P
t0 exp Xh ,r ,t0
i

i

where the score Xh,r,t is a model dependent function of Eh , Rr , and Et , see below.

When we fit the model to an observed dataset we preprocess the dataset as proposed in
(Lacroix et al., 2018). For each observed fact (h, r, t) we add a new fact (t, r−1 , h) to the
dataset, where r−1 is a new symbol. This allows us to use the fitted model for both head and
tail prediction as it maps a head prediction task (?, r, t) to a tail prediction task (t, r−1 , ?).
DistMult and ComplEx model. In our experiments, we use two different models: DistMult (Yang et al., 2015) and ComplEx (Trouillon et al., 2016; Lacroix etP
al., 2018). DistMult uses a K-dimensional real embedding space RK and scores Xh,r,t = K
k=1 Ehk Rrk Etk ,
where k indexes the embedding
dimension.
ComplEx
uses
a
complex
embedding
space CK
i
hP
K
and scores Xh,r,t = Re
k=1 Ehk Rrk Ētk , where Re[ · ] denotes the real part and Ētk is the
complex conjugate. The original works learn embeddings E and R by minimizing a loss
function L(E, R; λ) for some fixed hyperparameters λ. This is equivalent to MAP estimation of the above generative model since it turns out that, up to terms that depend only on
λ, the used loss function is L(E, R; λ) = − log p(E, R, S|λ).

3. Scalable Hyperparameter Tuning via Variational EM
In this section, we describe an efficient method to learn optimized hyperparameters λE
e and
R
λr for each entity e and each relation r in the type of the models defined in Section 2. In
contrast to grid search, our method scales to a macroscopic number of hyperparameters,
eliminating the need for heuristics to reduce the number of hyperparameters (Srebro and
Salakhutdinov, 2010) as done in existing works, e.g., (Lacroix et al., 2018).
Algorithm 1 summarizes our method. It consists of three stages. We first pre-train the
model using fixed initial hyperparameters λ (line 2). As detailed below, we then optimize
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Algorithm 1: Hyperparameter learning in knowledge graph embedding models.
Input: Number of training steps T and equilibration steps T0 ; loss function L;
learning rate η > 0.
Initialize λ and γ ≡ (µE/R , σ E/R )
Pre-train the model using SGD: µE , µR ← arg minE,R L(E, R; λ)
for t ← 1 to T do
draw mini-batch B ∈ S
R
draw uniform noise samples, E
e ∼ N (0, I) and r ∼ N (0, I)
h
i

P
P
E −
R
γ ← γ − η∇γ L µE + E σ E , µR + R σ R ; λ − e,k log σek
r,k log σrk


. See appendix for analytic solution.
if t > T0 then λ ← arg minλ Eqγ p (E, R|λ)
else do not update hyperparameters λ
end
Re-train model with learned hyperparameters: E∗ , R∗ ← arg minE,R L(E, R; λ)
over λ using variational expectation maximization (lines 3-9), initializing around the pretrained model. Finally, we re-train the model using the learned hyperparameters (line 10).
Variational Expectation Maximization. The optimization over hyperaparameters λ
in lines 3-9 of Algorithm 1 is based on variational expectation maximization (variational EM)
(Bernardo et al., 2003).
R The EM algorithm (Dempster et al., 1977) maximizes the marginal
likelihood p(S|λ) = p(E, R, S|λ) dE dR over λ. This is difficult because of the intractable
integral. Variational EM avoids the integration by maximizing instead a lower bound on
p(S|λ) using variational inference (VI) (Jordan et al., 1999). In VI, one first chooses a
family of variational distributions qγ (E, R), which is parameterized by so-called variational
parameters γ. Evoking Jensen’s inequality, the marginal likelihood is then lower-bounded
by the evidence lower bound (Blei et al., 2017; Zhang et al., 2017), or ELBO, as
log p(S|λ) ≥ EE,R∼qγ [log p(E, R, S|λ) − log qγ (E, R)] =: ELBO(γ, λ).

(1)

We maximize the ELBO over both γ and λ. We choose a fully factorized Gaussian variaR
tional distribution qγ (E, R). The variational parameters γ are the means µE
ek and µrk of
E
R
Eek and Rrk , respectively, and the standard deviations σek and σrk . We initialize the means
with pre-trained model parameters (line 2), and the standard deviations with the value 0.2.
The variational EM algorithm can easily be integrated into an existing implementation
of a model. We update the variational parameters γ using Black Box Variational Inference (BBVI) with reparameterization gradients (Kingma and Welling, 2014; Rezende et al.,
2014). In practice, this just means that we keep all λ dependent terms of the loss function
L(E, R; λ) = − log p(E, R, S|λ), we inject random noise (line 5) into L, and we learn the
P
E/R
optimal amount of noise by minimizing L − e/r,k log σe/r,k (line 6).
We update the hyperparameters λ using an analytic solution of the minimization over λ,
see appendix. Since the variational distribution may initially be far from the true posterior,
we begin updating λ only after an initial equilibration phase of T0 steps (lines 7-8).
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DistMult ComplEx

Table 1: Model performances (filtered); ∗ (Trouillon et al., 2016); ‡ (Kadlec et al., 2017); † our
reimplementation of ComplEx and DistMult with reciprocal relations, weighted 3norm regularizer, and hyperparameters for ComplEx from (Lacroix et al., 2018).
dataset →
WN18RR
WN18
FB15K237
FB15K
↓ model
MRR/MRRb /H@10
”/ ”/ ”
”/ ”/ ”
”/ ”/ ”
∗
Literature
-/-/94.1/-/94.7
-/-/69.2/-/84.0
Our MAP†
48.2/47.0/57.2
95.2/95.8/96.2
36.4/19.9/55.6 85.8/82.0/90.9
Our EM
48.6/47.3/57.9 95.3/95.8/96.4 36.5/20.3/56.0 85.4/81.9/91.5
‡
Literature
-/-/79.0/-/95.0
-/-/83.7/-/90.4
Our MAP†
44.7/43.4/53.3
89.8/90.0/95.8
35.5/18.9/54.6
84.2/80.0/90.8
Our EM
45.5/44.1/54.4 91.1/91.1/96.1 35.7/19.4/54.8 84.1/80.2/91.4

4. Experimental Results
We compare the performance of the proposed variational EM algorithm to results from the
literature for two models on four standard data sets. We
consider two standard metrics:
100 P
hits at 10 (H@10) and mean reciprocal rank, MRR := |S0 | (h,r,t)∈S0 1/rank(t|h, r). Here, S0
(with cardinality |S0 |) is the test set (with reciprocal relations) and rank(t|h, r) is the (filtered, see (Bordes et al., 2013)) rank of the correct tail t in the tail prediction task (h, r, ?).
We also introduce a more
over targets t instead of test points,
i
h balanced metric that averages
100 PNe 1 P
0
MRRb := Ne t=1 |S0 |
(h,r,t)∈S0t 1/rank(t|h, r) , where St is the set of test facts with tail t.
t
Table 1 summarizes our results. Higher values are better for all metrics. Variational EM
(last row in each group) improves the performance of ComplEx on three out of the four
datasets. The improvements are even more pronounced for DistMult. MRRb is generally
lower than its unbalanced counterpart MRR as the latter puts more weight on easy tasks.

5. Conclusions
We showed that the popular knowledge graph embedding models DistMult and ComplEx
have an interpretation as probabilistic generative models. Drawing on this view, we presented a scalable method to optimize over hyperparameters using variational expectation
maximization. Our method outperformed the state of the art in link prediction on several
popular benchmark datasets. Due to the simplicity and generality of our method, we think
that it lends itself to hyperparameter tuning in future knowledge graph embedding models.
Our approach amounted to training the model twice: once in a Bayesian fashion to optimize hyperparameters, and a second time by point-estimating model parameters using the
optimized hyperparameters. One may wonder why we did not directly use the approximate
posterior for link prediction. We found empirically that link prediction with the approximate posterior improved performance in low embedding dimensions, but underperformed in
high dimensions (not shown). This may be due to a failure of the variational approximation
in high dimensions, where the true posterior may not be locally Gaussian. For future work,
we suggest to explore Bayesian link prediction using a structured variational distribution.
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Appendix A. Computing the Terms in ELBO
In this section , we compute the expectations appear in the ELBO in Eq. 1. For simplicity,
we choose DistMult as the embedding model, but the computations are similar for the
other models such as ComplEx (Trouillon et al., 2016) or CP (Hitchcock, 1927). The term
−Eqγ [log qγ (E, R)] is the entropy of the Gaussian distribution, and it is
X X
X X
R
E
log σrk
+ c,
(2)
log σek
+
− Eqγ [log qγ (E, R)] =
e∈[Ne ] k∈[K]

r∈[Nr ] k∈[K]

where c is a constant and can be ignored in the optimization process. Now, let us focus
E
on the
 evaluation
of the expected prior. We derive the equations for Eqγ log p(E|λ ) and
R
Eqγ log p(R|λ )) can be computed in a similar way.
Gaussian prior.

First, let us focus on the Gaussian prior
r
λE
E
2
p(Ee |λe ) = ( e )K exp(−λE
e kEe k /2).
2π

The log of Gaussian prior is
log p(Ee |λE
e) =−

K
λE
e
kEe k2 +
log λE
e + c.
2
2

(3)

The expectation of Eq. 3 with respect to the variational distribution qγ is


 K
λE
e
2
E 2
+
Eqγ log p(Ee |λE
kµE
log λE
(4)
e) = −
e k + kσe k
e + c.,
2
2
P
E )2 , (details can be found in Appendix B of (Kingma and Welling,
where kσeE k2 = k∈[K] (σek
E
E
µE
2014)). Notice that λE
e and σe we can easily
e only appears in p(E
 a given
 e |λe ), soE for
find its optimal value by maximizing Eqγ log p(Ee |λe ) over λE
e as follows,
λE
e =

2
kµE
ek

K
,
+ kσeE k2

(5)

Nuclear 3-norm prior. Now, let us consider the prior
p(Ee |λE
e) =

1
λE
exp(− e kEe k33 ),
Z
3

where Z is the normalization factor. The normalization factor Z is only a function of λE
e
and not the variational parameters γ, hence Eqγ [log Z] = log Z. We start the analysis by
computing the normalization factor Z,
Z
λE
Z=
exp(− e kEe k33 ) dEe ,
(6)
3
Ee ∈RK
1/3 E
we compute the integral with the change of the variables ζ = (λE
e
e)
Z
1
1
c
Z = E K/3
exp(− kζk33 ) dζ = E K/3 ,
3
(λe )
(λe )
ζ∈RK
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where c =

R

ζ∈RK

exp(− 31 kζk33 ) dζ. Therefore,
Eqγ [log Z] = log Z = −

K
log λE
e +c
3

(8)

Now, let us focus on computing

Eqγ

λE
e
3





kEe k33 = Eqγ

E
 λe

3


X
k∈[K]

|Eek |3  .

E 2
E
E 2
Given the Gaussian variational distribution N (µE
ek , (σek ) ), the samples of N (µek , (σek ) )
can be written as
E
Eek ∼ µE
(9)
ek + σek ,

where  ∈ R is the noise sampled from the Gaussian distribution N (0, 1). Using this
reparametrization, we get


1
Eqγ |Eek |3 = √
2π

Z

∞

−∞

1 2

E
3 −2x
|µE
dx
ek + σek x| e

µE
µ0 = ek
σE
ek

E )3 Z ∞
1 2
(σek
√
=
|µ0 + x|3 e− 2 x dx
2π −∞
 Z ∞

Z ∞
E
3
(σek )
3 − 21 x2
3 − 12 x2
−
(−µ0 + x) e
= √
dx +
(µ0 + x) e
dx
2π
µ0
−µ0

Z µ0
E )3  Z ∞
(σek
2
3 − 12 x2
2
3 − 21 x2
2
(3µ0 x + x )e
dx +
(3µ0 x + µ0 )e
dx
= √
2π
µ0
−µ0
r

E )3 

(σek
µ0
π
3
2
− 21 µ20
+
6µ0 + 2µ0 erf( √ )
= √
2(µ0 + 2)e
2
2π
2
 E 2
!
r
µ
 − 12 σek

|µE
|
2
E
3
E 3
2
E
E
E 2 E
E
ek
ek
=
(µek ) σek + 2(σek ) e
+ 3|µek |(σek ) + |µek | erf √ E ,
π
2σek
(10)



where erf(·) is the error function. Given Eqγ kEe k33 we can compute the optimal λE
e for a
given γ by maximizing ELBO as
λE
e =

K
.

Eqγ kEe k33

(11)

Arbitrary prior. For an arbitrary prior, we can always use the reparameterization trick
to compute a stochastic estimate of log prior and its gradient (check Lines 4-6 in Algorithm 1).
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Dataset
FB15K237
FB15K
WN18RR
WN18

#entities
15k
15K
41k
41k

Table 2: Dataset Statistics.
#relations #training×103 #test×103
237
272k
20k
1k
500k
60k
11
87k
3k
18
141k
5k

# validation×103
18k
50k
3k
5k

Appendix B. Uncertainty Analysis
In this section, we show that, on average, the frequent entities or relations have a lower
uncertainty and variational EM algorithm learns more confident embeddings for the frequent
entities or relations. Figure 2 depicts the average standard deviation (i.e., σ E and σ R ) of
the embeddings inferred by variational EM algorithm. We see that as the frequency of
appearance of an entity or a relation increases, the variance of the variational distribution
for those entities or relations decreases. Also, on average, the relations’ embeddings have
lower uncertainty compared to the embeddings’ uncertainty. This is because there are
fewer relations compared to entities, hence on average, there are more facts for a relation
compared to an entity.

(a) Uncertainty of entities’ embeddings vs frequencies.

(b) Uncertainty of relations’ embeddings vs frequencies.

Figure 2: The average of standard deviations of Gaussian variational distribution for
FB15K237 in variational EM algorithm. We see that on average the entities
with higher frequencies reach a lower σ, that means a lower uncertainty.
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