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Abstract
In [1] a Markov chain Monte Carlo (MCMC) method was introduced that allows
for parallelisation by proposing multiple samples in each iteration, and that has as
stationary distribution the correct target density. Here, we prove that this property
still holds true when the driving sequence of pseudo-random numbers is replaced
by completely uniformly distributed (c.u.d.) numbers. For the proof a coupling
argument similar to [3] is applied. Initial numerical simulations confirm our
theoretical result, and suggest a scaling of order n−1 as we increase parallelisation
instead of the usual n−1/2 .
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Introduction

In many probabilistic problems in science, MCMC is applied due to its ability to sample from arbitrary
distributions known up to a constant. Comprehensive introductions on MCMC methods can be found
in [17], [16], [21] and [12]. Estimators resulting from MCMC scale independently of dimensionality,
however they have the fairly slow universal convergence rate of n−1/2 , similar to classic Monte
Carlo methods. For the latter, convergence rates can be achieved of order close to n−1 when samples
are generated by a suitable low-discrepancy sequence, i.e. points which are highly homogeneously
distributed in space, instead of the usual pseudo-random numbers ([7]). These so called quasi-Monte
Carlo (QMC) methods, despite their generally deteriorating performance with increasing (effective)
dimension [25], can therefore lead to significant computational savings compared to standard Monte
Carlo.
The first applications of QMC in the context of MCMC go back to [5] and [22], which assume a
discrete state space. In [5], the driving sequence of uniformly distributed independent and identically
distributed (i.i.d.) random numbers is replaced by a c.u.d. sequence. The same approach is used in
[19], [3] and in this work. In [15], a Gibbs sampler that runs on randomly shuffled QMC points is
introduced. Later, [2] uses a weighting of rejected samples to generate balanced proposals. Both
successfully applied QMC in MCMC, however without providing any theoretical support. [6]
uses QMC in multiple-try Metropolis-Hastings (M-H), and [14] within an exact sampling method
introduced by [20]. In [13] the so called array-randomised QMC (RQMC) was introduced, which
uses quasi-Monte Carlo to update multiple chains that run in parallel. Further, the roter-router model,
which is a deterministic analogue to a random walk on a graph, was applied in [8] on a number of
problems.
Based on the coupling argument by Chentsov from [5], it has been proven in [19] that an MCMC
method defined on a finite state space still has the correct target as its stationary distribution when the
driving sequence of i.i.d. numbers is replaced by weakly c.u.d. (w.c.u.d.) numbers. Following this,
[24] proves theoretical properties of w.c.u.d. sequences. They also run a Gibbs sampler by w.c.u.d.
numbers and achieve significant performance improvements compared to using i.i.d. inputs. Recently,
the result from [19] was generalised to c.u.d. numbers and continuous state spaces by Chen ([3]).
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In this work, we generalise Chen’s result to an MCMC method that uses multiple proposals in each
iteration, introduced in [1]. Due to the fact that the state space is covered evenly by proposals in
each iteration using c.u.d. numbers, which thus allows the sampling mechanism a larger spectrum
of moves, one might expect that using c.u.d. numbers in multiple proposal MCMC should harvest
the low-discrepancy benefits more effectively than in the single proposal case. Here, we perform
numerical simulations that suggest a scaling of n−1 , which is known from QMC methods.
This work is organised as follows. In Section 2 the multiple proposal MCMC from [1] is presented.
Section 3 introduces the concept and some constructions of c.u.d. numbers from the literature.
Regularity conditions are given in Section 4, which are necessary for the consistency theorem
formulated in Section 5. In Section 6, numerical experiments for multiple proposal MCMC driven by
c.u.d. numbers are presented for a simple estimation problem.
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MCMC with multiple proposals

In [1], a natural generalisation of the well-known M-H algorithm ([10]) was suggested that allows for
parallelising a single chain by proposing multiple points in parallel. In every MCMC iteration, a finite
state Markov chain on the proposed points is constructed and samples are drawn, in such a way that
the overall procedure has the correct target density π as its stationary distribution. Mathematically,
this approach corresponds to a M-H algorithm over a product space. In order to see this note first
that any joint probability distribution p(x1:N +1 ) can be factorised in N + 1 different ways, using
conditional probabilities, of the form, p(x1:N +1 ) = p(xi )p(x\i |xi ), where we use the notation
x\i = x[1:i−1,i+1:N +1] . Let us set p(xi ) = π(xi ) and p(x\i |xi ) = κ(xi , x\i ) for a proposal kernel
κ. Hence, in the ith factorisation, xi ∈ Ω ⊂ Rd is distributed according to the target density
while the other x\i are distributed according to the proposal kernel conditioned on xi . Referring
to [1, 23], a discrete auxiliary and uniformly distributed random variable I ∈ {1, . . . , N + 1} is
introduced that determines which factorisation of the joint probability is used, i.e. p(x1:N +1 , I =
i) = N1+1 π(xi )κ(xi , x\i ). The multiple proposal M-H can be considered as a single Markov chain
over the product space of variables (x1:N +1 , I) by applying a combination of two transition kernels,
each of which preserves the underlying joint stationary distribution. First, the states of a finite state
Markov chain are created by updating the variables x\i conditioned on xi and I = i. Secondly,
we sample I conditioned on x1:N +1 using the stationary distribution of I|x1:N +1 . When I = i,
we observe that xi is allocated the target density π(xi ). These samples will be the ones collected
in every iteration. In practice, generating proposals x\I from κ(xI , ·) is typically performed via
applying its generalised inverse ΨxI to a set of pseudo-random numbers u1 , ..., uN d ∈ [0, 1] such
that x\I = ΨxI (u1 , ..., uN d ). This procedure is described in Algorithm 1.
Algorithm 1: Multiple proposal Metropolis-Hastings
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Input: Initialise starting point x̃1 ∈ Ω ⊂ Rd , number of proposals N , auxiliary variable I = 1 and
counter n = 0, generate an pseudo-random sequence u1 , u2 , ... ∈ (0, 1];
for each MCMC iteration i = 1, 2, ... do
Set ui = (u(i−1)N d+1 , ..., uiN d ) ∈ (0, 1]N d , and sample x̃\I conditioned on I, i.e., draw N new
points from κ(x̃I , ·) = p(x̃\I |x̃I ) by the inverse Ψx̃I (ui ) ;
Compute the stationary
P distribution of I|x̃1:N +1 , i.e. p(I = j|x̃1:N +1 ) =
π(x̃j )κ(x̃j , x̃\j )/ k π(x̃k )κ(x̃k , x̃\k ), which can be done in parallel;
for m = 1, ..., N do
Sample new I via p(·|x̃1:N +1 );
Set new sample xn+m = x̃I ;
end
Update counter n = n + N
end
The detailed balance condition for Algorithm 1 can be formulated as
p(I = i)π(xi )κ(xi , x\i )p(I = j|x[1:N +1] ) = p(I = j)π(xj )κ(xj , x\j )p(I = i|x[1:N +1] ),

(1)

which is easily verified to hold. Assuming that the chain is also ergodic, the sequence (xi )i of the
multiple proposal M-H consistently samples π, that is, the empirical distribution function Fn (x) :=
2

m=1 R1[xm ,∞) (x) satisfies Fn (x) → F (x) as n → ∞ for any continuity point x of F , where
x
F (x) := −∞ π(y)dy. Referring to [1], multiple proposal M-H has two main advantages in efficiency
compared to a single proposal M-H approach: First, the likelihoods of multiple proposals can be
computed in parallel. Secondly, the acceptance rate for proposals is increased. Our idea is to increase
efficiency further by replacing the pseudo-random numbers in Algorithm 1 by more evenly distributed
numbers, for which consistency can be proven, and thereby exploring the state space more thoroughly.
1
n
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Completely uniformly distributed numbers

Completely uniformly distributed numbers belong to the class of low-discrepancy sequences and
were introduced in [11]. The star discrepancy Dn∗d for a set of points P = {x1 , ..., xn } ⊂ (0, 1]d is
defined by
#{xi ∈ (0, b]}
(2)
Dn∗ (P ) = sup
− vol ((0, b]) .
n
b∈(0,1]d
(d)

A sequence (ui )i≥1 ⊂ (0, 1] is called c.u.d. if for any d ≥ 1 the points xi = (ui , . . . , ui+d−1 ) ∈
(d)
(d)
(0, 1]d fulfill Dn∗d (x1 , . . . , xn ) → 0 as n → ∞. In other words, any sequence of overlapping
blocks of ui of size d yield the desirable uniformity property Dn∗d → 0.
There are a number of techniques to construct c.u.d. sequences in the literature. In [19] a c.u.d.
sequence is used that is based on a linear congruential generator developed in [9]. The lattice
construction from [18] and the shuffling strategy for QMC points from [15] are both shown to
produce c.u.d. points in [24]. Further, [4] presents constructions of c.u.d. points based on fully
equidistributed LFSR, and antithetic and round trip sampling.
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Regularity conditions

Similarly to [3], the consistency proof given below relies on two regularity conditions. The first one
defines coupling properties of the sampling method, and the second one suitable integrability over
the sample space.
Coupling: For any MCMC iteration in Algorithm 1, let φ(xI , (u1 , ..., uN d )) = (x1 , ..., xN ) denote
the innovation operator that produces the N new samples. Let C ⊂ (0, 1]N d have positive Jordan
measure. If for any u ∈ C it holds φ(x, u) = φ(x0 , u) ∀ x, x0 ∈ Ω, then C is called a coupling region.
Integrability: For k ≥ 1, let xk = xij = xij (u1 , ..., ui ) with i ≥ 1, 1 ≤ j ≤ N and k = (i−1)N +j
denote the kth N -proposal M-H update, i.e. the jth sample in the ith iteration, according to Algorithm
1. The method is called regular if g : [0, 1]iN d → R, defined by g(u1 , . . . , ui ) = f (xk (u1 , . . . , ui )),
where f : Rd → R is bounded and continuous, is Riemann integrable.
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Consistency

The following theorem states that if the driving sequence (ui )i≥1 of pseudo-random numbers for the
multiple proposal M-H is replaced by a sequence of non-overlapping tuples of c.u.d. numbers, then
consistency still holds true for the resulting algorithm.
Theorem. Let x0 ∈ Ω. For k ≥ 1, let xk = xij with i ≥ 1, 1 ≤ j ≤ N and k = (i − 1)N + j denote,
as before, the kth N -proposal M-H update, from Algorithm 1, which is assumed to be irreducible
and Harris recurrent with stationary distribution π. It is also assumed to be regular and to have a
coupling region C. Further, let ui = (viN d+1 , ..., v(i+1)N d ) for a c.u.d. sequence (vi )i≥1 . Then,
(xk )k≥1 consistently samples π.
For the proof, we use a coupling argument similar to [3] to guarantee ergodicity
of the
R sequence of
P
multiple proposal M-H samples, and show consistency in terms of 1/n k f (xk ) → f (x)π(x)dx
for bounded continuous f . The proof further relies on a technical lemma, stating that overlapping
dk-tuples of c.u.d. numbers, with successive tuples overlapping on d entries, are uniformly distributed.
A similar argument is used in the consistency proofs in [5], [19] and [3].
3

The fairly strong assumption of the existence of a coupling region suggests finding appropriate classes
of proposal and acceptance mechanisms where this holds true might be hard. A non-trivial example
uses independent proposal sampling under soft boundedness conditions.
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Numerical simulations

Here, we analyse the convergence properties of Algorithm 1 driven by c.u.d. numbers numerically
on a simple example problem: Let the target π be given by the standard Normal distribution on
Rd . The construction of the c.u.d. sequence used here was introduced in [4] and relies on LFSR
with a transition mechanism based on primitive polynomials over the Galois field GF (2). In a first
experiment, proposals are independently generated by inverting the kernel κ(x1:N ) = N (0, ε2 IN d )
for ε > 0, and the posterior mean is estimated by the arithmetic mean. This method is consistent due
to the consistency theorem. Further, Figure 1 suggest that the standard deviation of this estimator
scales with order n−1 as we increase the proposed number of samples in each MCMC iteration
instead of the usual n−1/2 .
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Figure 1: RMSE of the sample mean based on M-H with independent proposals using pseudo-random (PSR)
vs. c.u.d. (QMC) numbers as driving sequences, resp., for increasing proposal numbers and sample sizes. The
results are based on 25 MCMC simulations.

In a second experiment, a random walk proposal kernel κ(xI , ·) = N (xI , ε2 IN d ) is applied. Although not analytically proven, our simulations again suggest consistency in this case: Figure 2
presents the convergence of the empirical distribution function in terms of the k · k∞ -norm for a range
of different proposal numbers. Since uniform convergence implies pointwise convergence, which is
equivalent to consistency for continuous distributions, the results suggest that consistent samples are
generated.
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Figure 2: Maximum-norm error for the empirical distribution function of samples from the N proposal M-H
with random walk proposals, using c.u.d. numbers as driving sequence, for increasing sample sizes. The results
are based on 25 MCMC simulations.
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