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Introduction

Many data analysis problems can be seen as discovering a latent set of traits in a population. For instance, we might recover topics or themes from scientific papers, ancestral populations from genetic
data, interest groups from social network data, or unique speakers across audio recordings of many
meetings [3, 11, 29]. In all of these cases, we might reasonably expect the number of latent traits
present in a data set to grow with the size of the data. One modeling option is to choose a different
prior for different data set sizes, but constructing a new prior separately for every size of data set
is unwieldy. A simpler option is to choose a single prior that naturally yields different expected
numbers of traits for different numbers of data points. In theory, Bayesian nonparametrics (BNP)
provides a rich set of priors with exactly this desirable property. BNP accomplishes this property
by imagining a latent countable infinity of traits, so that there are always more traits to reveal in the
data at larger data set sizes. This latent, infinite-dimensional parameter presents a major practical
challenge, though. In what follows, we propose a simple approximation across a wide range of
BNP models that is amenable to modern, efficient inference schemes and black-box code; fits easily
within complex, potentially deep generative models; and admits straightforward parallelization.
A particular challenge of the infinite-dimensional parameter is that it is impossible to store an infinity of random variables in memory or learn the distribution over an infinite number of variables in
finite time. Some authors have developed conjugate priors and likelihoods [27] to circumvent the
infinite representation via marginalization and thereby perform exact Bayesian posterior inference
[6, 17]. However, these priors and likelihoods are often just a single piece within a more complex
generative model, which is no longer fully conjugate and therefore requires an approximate posterior
inference scheme such as Markov Chain Monte Carlo (MCMC) or variational Bayes (VB). Some
local steps in, e.g., an MCMC sampler can still take advantage of conditional conjugacy via special
marginal forms such the Chinese restaurant process [38] or the Indian buffet process [12]; see Broderick et al. [6] and James [17] for general treatments. But using these marginal distributions rather
than a full and explicit representation of the latent variables typically necessitates a Gibbs sampler,
which can be slow to mix and may require special-purpose, model-specific sampling moves. To
take advantage of black-box variational inference methods [23, 31], modern MCMC methods such
as Metropolis-adjusted Langevin algorithm [33] or Hamiltonian Monte Carlo (HMC) [2, 26], or
modern probabilistic programming systems such as Stan [8], a full trait representation is generally
required.
An alternative approach that still allows use of these convenient inference methods is to approximate
the infinite-dimensional prior with a finite-dimensional prior that essentially replaces the infinite
collection of random traits by a finite subset of “likely” traits. Unlike a fixed finite-dimensional prior
across all data set sizes, this finite dimensional prior is seen as an approximation to the BNP prior
and thereby its cardinality is informed directly by the BNP prior. Note that since any moderately
complex model will necessitate approximate inference, so long as the approximation error from
using the finite-dimensional prior approximation is on the order of the approximation error from
MCMC or VB, no inferential quality has been lost. It remains then, for us to develop an appropriate
finite approximation and to quantify its error both theoretically and empirically.
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Previous work developed and analyzed general mechanisms for finite approximations based on truncating the random measures underlying BNP [7]. In the present work, we instead consider a finite
approximation consisting of independent and identical representations of the traits together with
their rates within the population. This approach has the potential to be simpler to incorporate in a
complex model, to exhibit improved mixing, and to be amenable to parallelizing computation during inference. In fact, certain special cases of this approach have already been successfully used in
applications, with practitioners reporting similar performance to the truncation approach but with
faster mixing [11, 19, 24, 35]. In what follows, we start by reviewing the random processes underlying a broad toolbox for BNP in and rigorously define finite approximations in Section 2. We propose
a broad mechanism for our i.i.d. finite approximation, which we call a non-nested finite approximation (NNFA), and relate it to existing work in Section 3. Finally, we demonstrate in preliminary
experiments in Section 4 that NNFAs can provide good approximations for a full BNP model.

2

Background

Let ψi represent the ith trait of interest; e.g., a topic in topic model. Let θi represent the rate, or
frequency, of this trait in the population. We can collect the pairs of traits with their frequencies
PI
(ψi , θi ) in a measure that places non-negative mass ψi at location ψi : Θ := i=1 θi δψi . I, the total
number of traits, may be finite or, as in the nonparametric setting, countably infinite. To perform
Bayesian inference, we need to choose a prior on Θ, to choose a likelihood for the observed data
X1:M := {Xm }M
m=1 given Θ, and finally to apply Bayes Theorem to obtain the posterior on Θ given
the observed data.
Completely random measures. Most common BNP priors can be conveniently formulated as
(normalizations of) completely random measures (CRMs). CRMs are constructed from a Poisson
process, which is straightforward to manipulate both analytically and algorithmically. Consider
Ra Poisson point process on R+ := [0, ∞) with rate measure ν(dθ) such that ν(R∞+ ) = ∞ and
min(1, θ)ν(dθ) < ∞. Such a process
P∞ generates an infinite number of rates (θi )i=1 , θi ∈ R+ ,
having an almost surely finite sum i=1 θi < ∞. We assume throughout that ψi ∈ Ψ for some
i.i.d.
space Ψ and ψi ∼ H for some distribution H. H serves as a prior on the trait values. The resulting
measure Θ in this case is a completely random measure (CRM) [21]. As shorthand, we
Pwill write
CRM(H, ν) for the completely random measure generated as just described: Θ :=
i θi δψi ∼
CRM(H, ν). The corresponding normalized CRM (NCRM) is Ξ := Θ/Θ(Ψ), which is a discrete
probability measure.1
The CRM prior on Θ is typically combined with a likelihood that generates trait counts for each data
point. Let h(· | θ) be a proper probability mass function on N∪{0} for all θ in the support of ν. Then
a collection of conditionally independent observations Z1:M given Θ are distributed according to the
P
i.i.d.
likelihood process LP(h, Θ), i.e. Zm := i zmi δψi ∼ LP(h, Θ), if zmi ∼ h(· | θi ) independently
across i and i.i.d. across m. Since the trait counts are typically latent in a full generative model
indep
specification, define the observed data Xm | Zm ∼ f (· | Zm ) for a conditional density f with
respect to a measure µ on some space.
Finite approximations. Since the sequence (θi )∞
i=1 is countably infinite, it may be difficult to
simulate or perform posterior inference
in the full model. One approximation scheme is to define
Pn
the finite approximation Θn := i=1 θi δψi . Since it involves a finite number of parameters, Θn can
be used for efficient posterior inference, including with black-box MCMC and VB algorithms—but
some approximation error is introduced by not using the full CRM Θ.
A truncated finite approximation (TFA) requires constructing an ordering on the sequence (θi )∞
i=1
such that θi is a function of some auxiliary random variables ξ1 , . . . , ξi ; hence, θi+1 reuses the
same auxiliary randomness as θi , plus uses an additional random variable ξi+1 . Thus, the value of
θi+1 implicitly depends on the values of θ1 , . . . , θi . Truncated finite approximations are attractive
because the approximation level n does not need to be chosen ahead of time. On the other hand the
complex dependences between the atoms θ1 , θ2 , . . . potentially make inference more challenging.
1
The possible fixed-location and deterministic components of an (N)CRM [21] are not considered here for
brevity; these components can be added (assuming they are purely atomic) and our analysis modified without
undue effort.
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We here instead pursue what we call a non-nested finite approximation (NNFA), which involves
choosing a sequence of probability measures ν1 , ν2 , . . . such that for any approximation level n, we
i.i.d.
D
choose θ1 , . . . , θn ∼ νn . The νi are chosen in such a way that Θn =⇒ Θ — that is, the NNFAs
converge in distribution to the CRM. The pros and cons of the NNFA invert those of the TFA: the
atoms are now i.i.d., potentially making inference easier, but a completely new approximation must
be constructed if n changes.
The gamma process. For concreteness, we consider the gamma process [4, 10, 16, 22, 39] as
a running example of a CRM. It is widely used in applications including image modeling [39],
text and music [1], and disease progression [34]. We denote its distribution as ΓP(γ, λ, d), with
discount parameter d ∈ [0, 1), scale parameter λ > 0, mass parameter γ > 0, and rate measure
λ1−d
ν(dθ) = γ Γ(1−d)
θ−d−1 e−λθ dθ. The normalized gamma process [15, 18, 25, 30, 32] is a popular
prior over probability measures, and in the case of d = 0 yields the Dirichlet process [9, 36].
Appendix A provides additional example applications of our main result for three other CRMs: the
beta process [5, 37], the beta prime process [6], and a novel generalized gamma process.

3

Constructing non-nested finite approximations

Finite approximations are a powerful and convenient approach to obtaining practical approximate inference schemes for BNP models. It remains to demonstrate how we can construct an accurate finite
approximation in practice. Campbell et al. [7] recently provided a thorough study of constructions
for truncated approximations, but we are unaware of any general-purpose results on constructing
non-nested approximations, which will be our focus in this section. Specifically, our main result
shows how to construct NNFAs that converge in distribution to CRMs with rate measures of a particular form. As an important special case, if the CRM is an exponential family CRM [6] and the
“discount” parameter d = 0, then the NNFA is constructed from random variables in the same exponential family, a connection which is useful for approximate inference algorithms. We leave it
for future work to obtain error guarantees on these finite approximations, which are available for
TFAs (see Campbell et al. [7] and citations therein).
Formally, NNFAs take the following form. For probability measures H and νn , write Θn ∼
NNFAn (H, νn ) if
Pn
indep
i.i.d.
Θn = i=1 θn,i δψn,i
θn,i ∼ νn
ψn,i ∼ H.
We consider CRMs with rate measures ν with densities that, near zero, are (essentially) proportional
to θ−1−d , where d ∈ [0, 1) is the “discount” parameter. (This family of CRMs includes the most
popular BNP priors.) We will define a sequence of NNFAs that converge in distribution to such a
CRM. Our NNFA construction requires the following definition.
Definition 3.1. The parameterized function family {Sb }b∈R+ are approximate indicators if, for any
b ∈ R+ , Sb (θ) is a real increasing function such that Sb (θ) = 0 for θ ≤ 0 and Sb (θ) = 1 for θ ≥ b.
Valid examples of approximate indicators are the indicator function Sb (θ) = 1[θ > 0] and the
smoothed indicator function


(
−1
if θ ∈ (0, 1)
exp 1−(θ−b)
2 /b + 1
Sb (θ) =
1[θ > 0]
otherwise.
Our main result now shows how to construct NNFAs that provably converge to our family of CRMs.
Theorem 3.2. For d ∈ [0, 1) and η ∈ E ⊆ Rd , let Θ ∼ CRM(H, ν(·; d, η)), where
ν(dθ; d, η) := γθ−1−d g(θ)−d

h(θ; η)
dθ.
Z(1 − d, η)

Assume that:
1. for ξ > 0 and η ∈ E, Z(ξ, η) =

R

θξ−1 g(θ)ξ h(θ; η)dθ < ∞;

2. g is continuous, g(0) = 1, and ∃ 0 < c∗ ≤ c∗ < ∞ such that c∗ ≤ g(θ)−1 ≤ c∗ (1 + θ); and
3. there exists  > 0 such that for all η ∈ E, θ 7→ h(θ; η) is continuous and bounded on [0, ].
3
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Figure 1: Comparison of the performance of the two approximate models on the total variation
distance between the approximate and true distributions on number of clusters for varying approximation levels n (x-axis). Plots refer to different dataset of sizes N = 500 (left) and N = 1000
(right) in R4 .
Let {Sb }b∈R+ be a family of approximate indicators. Fix a > 0, and (bn )n∈N , a decreasing sequence
h(0;η)
such that bn → 0. For c := γ Z(1−d,η)
and κ = min(1, ), let
−1

νn (dθ) := θ−1+cn

−dSbn (θ−an−1 )

−1

h(θ; η)Zn−1 dθ
R
be a family of probability densities, where Zn is chosen such that νn (dθ) = 1. If Θn ∼
g(θ)cn

−d

D

NNFAn (H, νn ), then Θn =⇒ Θ.
The NNFAs obtained from Theorem 3.2 are particularly simple when the discount parameter d = 0.
Corollary 3.3. Under the conditions of Theorem 3.2, if d
=
0, then
−1
−1
νn (dθ) = θ−1+cn g(θ)cn h(θ; η)/Z(cn−1 , η)dθ. In particular, if ν takes the form of an
(improper) exponential family and d = 0, then νn will belong to the same (but proper) exponential
family.
Corollary 3.3 is sufficient to recover all known NNFA results, including those for the Dirichlet
process (i.e., the normalized gamma process) [13, 14] and the beta process [28]. We next apply
Theorem 3.2 to the gamma process, with additional examples deferred to Appendix A.
Example 3.1 (Gamma process). Taking E = R+ , g(θ) = 1, h(θ; η) = e−ηθ , and Z(ξ, η) =
Γ(ξ)η −ξ in Theorem 3.2 yields the gamma process, with p(θ; ξ, η) = Gam(θ; ξ, η). Since h(θ; η) is
continuous and bounded on [0, 1], the hypotheses of Theorem 3.2 hold. In the case of d = 0, c = γη
and νn (θ) = Gam(θ; γη/n, η).

4

Experiments

As a proof-of-concept, we consider a Dirichlet process mixture model with Gaussian observations
with known isotropic covariance:
P∞
Ξ ∼ DP(α, H),
Xm | Ξ ∼ i=1 ξi N(ψi , σI),
m ≥ 1,
where the base measure is H = N(0, σ02 I). Instead of directly approximating the Dirichlet process
we approximate a gamma process and use the fact that if Θ ∼ ΓP(γ, α, 0) then Θ/Θ(Ψ) ∼ DP(α).
We compare a TFA called the Bondesson representation [7] to the NNFA obtained in Example 3.1.
We use a standard CRP Gibbs sampler to obtain an approximation to the ground truth posterior.
We generated several datasets from a modified Pitman-Yor process with concentration parameter
2, and discount parameter 0.25. We implemented the truncated and non-nested approximations
in Stan [8] using HMC and compared the accuracy of the approximate posteriors to a non-finite
approximation of the “exact” posterior. (Our metrics and experiments are described in detail in
Appendix B.) Comparison of a co-clustering metric and test log-likelihood indicated that both the
Bondesson and NNFA approximations performed very well across component levels considered.
Fig. 1 shows the total variation distance between the finite and non-finite approximations of the
posterior marginal over number of clusters as the approximation level n varies. While the noise is
sufficiently high across data sets in this experiment as to be inconclusive, it seems plausible that
the Bondesson approximation is actually yielding the best performance. We expect that NNFA will
demonstrate better performance in more complex modeling scenarios, in comparisons that more
directly measure mixing quality, and in cases where parallelism is of interest. We plan to investigate
these cases in future work.
4
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A

Additional Examples

Let B(α, β) =

Γ(α)Γ(β)
Γ(α+β)

denote the beta function.

Example A.1 (Beta process). Taking E = R+ , g(θ) = 1, h(θ; η) = (1 − θ)η−1 1[θ ≤ 1], and
Z(ξ, η) = B(ξ, η) in Theorem 3.2 yields the beta process BP(γ, η − d, d), which has rate measure
ν(dθ) = γ

1[θ ≤ 1] −1−d
θ
(1 − θ)η−1 dθ.
B(η, 1 − d)

Since h is continuous and bounded on [0, 1/2], Theorem 3.2 applies. In the case of d = 0, c = γη
and
νn (θ) = Beta(θ; γη/n, η).
Example A.2 (Beta prime process). Taking E = R+ , g(θ) = (1 + θ)−1 , h(θ; η) = (1 + θ)−η , and
Z(ξ, η) = B(ξ, η) in Theorem 3.2 yields the beta prime process, which has rate measure
γ
ν(dθ) =
θ−1−d (1 + θ)−d−η dθ.
B(η, 1 − d)
Since g is continuous, g(0) = 1, 1 ≤ g(θ) ≤ 1 + θ, and h(θ; η) is continuous and bounded on [0, 1],
Theorem 3.2 applies. In the case of d = 0, c = γη and
νn (θ) = Beta0 (θ; γη/n, η).
η2

Example A.3 (Generalized gamma process). Taking E = R2+ , g(θ) = 1, h(θ; η) = e−(η1 θ) ,
and Z(ξ, η) = Γ(ξ/η2 )(η1 η2 )−ξ in Theorem 3.2 yields the generalized gamma distribution
Gam(ξ, η1 , η2 ).2 The corresponding rate measure is
ν(dθ) =

γ(η1 η2 )1−d −d−1 −(η1 θ)η2
θ
e
dθ,
Γ((1 − d)/η2 )

which is the rate measure for the gamma process ΓP(γ, η, d). Since h(θ; η) is continuous and
γη1 η2
bounded on [0, 1], Theorem 3.2 applies. In the case of d = 0, c = Γ(η
−1 and
2 )


γη1 η2
νn (θ) = Gam θ;
, η1 , η2 .
nΓ(η2−1 )

B

Experiments and Metrics for Checking Approximate Model Quality

The datasets for which we report the results in figure Fig. 1 were generated from the following
modified Pitman Yor process with concentration parameter α = 2, discount parameter θ = 0.25,
and base measure H = N(0, I). We first drew all the labels {zi }M
i=1 for the M points in the
dataset, sequentially, according to the Pitman Yor scheme. We then drew C means µi ∼ H, where
C is the number of distinct labels. To make sure that the clusters were somewhat separated, we
forced the means to satisfy d(µi , µj ) > 0.25 for all i 6= j, where d is the Euclidean distance, by
rejecting those that were too close to the ones already instantiated. Last, we sampled independently
Xm ∼ N (µzm , I) for m = 1, . . . , M .
Let D = {Xm }M
m=1 denote the observed data.
Test log-likelihood. Let D0 = {Xj0 }Jj=1 be a held out test set. The test log-likelihood is
PJ
TLL(D0 | D) := j=1 log E[p(Xj0 | Θ) | D], where the expectation is with respect to either the true
or the approximate model.
Co-clustering error. In the mixture model case let Zm denote the cluster assignment of Xm . Calculate the matrix CCPm` (D) = P[Zm = Z` | D] under the true and approximate model. Then for a
matrix norm k · k, the co-clustering error is ECC (D, k · k) = kCCPtrue (D) − CCPapprox (D)k.
Distance between the distributions over the number of clusters.
Let pD (k) =
P[#{z1 , . . . , zM } = k | D] be the probability that the data is in k clusters. We calculate the total variation distance
P∞between this distribution under true and approximate model:
dT V (pD,true , pD,approx ) = 12 k=1 |pD,true (k) − pD,approx (k)|.
2

https://en.wikipedia.org/wiki/Generalized_gamma_distribution
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C

Proofs

In order to prove our main result, we require a few auxiliary results.
Lemma C.1 ([20, Lemmas 12.1 and 12.2]). Let Θ be a random measure and Θ1 , Θ2 , . . . a sequence
of random measures. If for all measurable sets A and t > 0,
lim E[e−tΘn (A) ] = E[e−tΘ(A) ],

n→∞
D

then Θn =⇒ Θ.
For a density f , let µ(t, f ) : θ 7→ (1 − e−tθ )f (θ). In results that follow we assume all measures on
R+ have densities with respect to Lebesgue measure. We abuse notation and use the same symbol
to denote the measure and the density.
Proposition C.2. Let Θ ∼ CRM(H, ν) and for n = 1, 2, . . . , let Θn ∼ NNFAn (H, νn ) where ν is
a measure and ν1 , ν2 , . . . are probability measures on R+ , all absolutely continuous with respect to
D
Lebesgue measure. If kµ(1, nνn ) − µ(1, ν)k1 → 0, then Θn =⇒ Θ.
Proof. Let t > 0 and A a measurable set. First, recall that the Laplace functional of the CRM Θ is


Z ∞
E[e−tΘ(A) ] = exp −H(A)
µ(t, ν)(θ) dθ .
0

We have
E[e−tθn,1 1(ψn,1 ∈A) ] = P(ψn,1 ∈ A)E[e−tθn,1 ] + P(ψn,1 ∈
/ A)
= H(A)E[e−tθn,1 ] + 1 − H(A)
= 1 − H(A)(1 − E[e−tθn,1 ])
Z
H(A) ∞
µ(t, nνn )(θ) dθ.
=1−
n
0
−tθ

|
Since |1−e
≤ max(1, t), it follows by hypothesis that kµ(t, nνn ) − µ(t, ν)k1 → 0. Thus, by
|1−e−θ |
dominated convergence and the standard exponential limit,
n

Z
H(A) ∞
−tθn,1 1(ψn,1 ∈A) n
µ(t, nνn )(θ) dθ
lim E[e
] = lim 1 −
n→∞
n→∞
n
0


Z ∞
= exp − lim H(A)
µ(t, nνn )(θ) dθ
n→∞
0


Z ∞
= exp −H(A)
µ(t, ν)(θ) dθ .
0

Finally, by the independence of the random variables {θn,i }ni=1 ,
lim E[e−tΘn (A) ] = lim E[e−tθn,1 1(ψn,1 ∈A) ]n ,

n→∞

n→∞

so result follows from Lemma C.1.
Lemma C.3. If there exist measures π(θ) dθ and π 0 (θ) dθ on R+ such that for some κ > 0,
1. the measures µ, µ1 , µ2 , . . . have densities f, f1 , f2 , . . . wrt π and densities f 0 , f10 , f20 , . . .
wrt π 0 ,
Rκ
2. 0 |f 0 (θ) − fn0 (θ)|dθ → 0,
3. supθ∈[κ,∞) |f (θ) − fn (θ)| → 0,
4. supθ∈[0,κ] π 0 (θ) ≤ c0 < ∞, and
R∞
5. κ π(θ) dθ ≤ c < ∞,
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then
kµ − µn k1 → 0.
Proof. We have, using the assumptions and Hölder’s inequality,
Z κ
Z ∞
0
0
0
kµ − µn k1 =
|f (θ) − fn (θ)|π (dθ) +
|f (θ) − fn (θ)|π(dθ)
0
κ
!Z
κ

sup π 0 (θ)

≤

θ∈[0,κ]

|f 0 (θ) − fn0 (θ)|dθ

0

!Z

π(dθ)

θ∈[κ,∞)

Z

≤ c0

∞

sup |f (θ) − fn (θ)|

+

κ

κ

|f 0 (θ) − fn0 (θ)|dθ + c sup |f (θ) − fn (θ)|.
θ∈[κ,∞)

0

The conclusion follows by dominated convergence.
Proof of Theorem 3.2. Note that since h is continuous and bounded on [0, ], c < ∞. We will apply
Lemma C.3 with κ as given in the theorem statement, µ = µ(1, ν), µn = µ(1, nνn ),
π(θ) = p(θ; 1 − d, η) =

θ−d g(θ)1−d h(θ; η)
,
Z(1 − d, η)

and π 0 (θ) := (θg(θ))d π(θ). Thus, f (θ) = γ(1 − e−θ )(θg(θ))−1 ,
−1

fn (θ) = nZn−1 (1 − e−θ )θ−1+cn

+d−dSbn (θ−an−1 )

−1

g(θ)−1+cn ,

f 0 (θ) = (θg(θ))−d f (θ), and fn0 (θ) = (θg(θ))−d fn (θ).
We now note a few useful properties that we will use repeatedly in the proof. Observe that
−1
(a/n)cn = 1 + o(1). The assumption that h is bounded and continuous implies that on [0, a/n],
h(θ; η) = h(0; η)+o(1). Similarly, for any δ > 0, g(θ) is bounded and continuous for θ ∈ [0, δ] and
therefore, together with the fact that g(0) = 1, we can conclude that on [0, a/n], g(θ) = 1 + o(1).
For the remainder of the proof we will consider n large enough that an−1 + 2bn and cn−1 are less
than κ. The normalizing constant Zn can be written as
Z a/n
−1
Zn =
(θg(θ))−1+cn π 0 (dθ)
0
Z κ
−1
−1
−1
+
θ−1+cn −dSbn (θ−an ) g(θ)−1+cn π 0 (dθ)
a/n
∞

Z
+

−1

(θg(θ))−1+cn

−d 0

π (dθ).

κ

We rewrite each term in turn. For the first term,
Z a/n
Z
−1
−1
θ−1+cn g(θ)−1+cn π 0 (dθ) = (c/γ + o(1))
0

a/n

−1

θ−1+cn dθ

0
−1

n  a cn
= (c/γ + o(1))
c n
n
= + o(n).
γ
−1

Since κ ≤ 1 and Sbn ∈ [0, 1], for θ ∈ [a/n, κ], θ−dSbn (θ−an ) ≤ θ−d . Since g(0) = 1, c∗ ≤ 1 and
−1
therefore g(θ)−1+cn ≤ c−1+c
. Hence the second term is upper bounded by
∗
Z κ
−1
−1
nd n cn−1
c−1+c
θ−1+cn −d π 0 (dθ) ≤ c−1
− (a/n)cn )
∗
∗ (c/γ + O(1)) d (κ
a c
a/n
= O(nd ) × O(log n)
= o(n).
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For the third term,
Z

∞

(θg(θ))

Z

−1+cn−1 −d 0

∞

−1

(θg(θ))−1+cn π(dθ)
κ
Z ∞
−1+cn−1
π(dθ)
≤ (κc∗ )

π (dθ) =

κ

κ

≤ (κc∗ )−1 .
Hence, Zn =

n
γ

+ o(n) and nZn−1 = γ(1 + en ), where en = o(1).

Next, we have
sup |f (θ) − fn (θ)|
θ∈[κ,∞)

=

−1

sup (1 − e−θ )(θg(θ))−1 |γ − nZn−1 (θg(θ))cn |
θ∈[κ,∞)

≤

−1

sup γ(θg(θ))−1 |1 − (1 + en )(θg(θ))cn |
θ∈[κ,∞)
−1

≤ γ sup (θg(θ))−1 |1 − (θg(θ))cn |
θ∈[κ,∞)

(C.1)

−1

+ γen sup (θg(θ))−1+cn .
θ∈[κ,∞)

To bound the two terms we will use the fact that if θ ≥ κ, then
θg(θ) ≥

κ
θ
≥ ∗
=: κ̃
+ θ)
c (1 + κ)

c∗ (1

and if θ ≤ 1 then θg(θ) ≤ c∗ ≤ 1. Hence, letting ψ := θg(θ), for the first term in Eq. (C.1) we have
−1

γ sup (θg(θ))−1 |1 − (θg(θ))cn |
θ∈[κ,∞)

≤γ

−1

sup ψ −1 |1 − ψ cn |
ψ∈[κ̃,∞)
−1

−1

≤ γ sup ψ −1 |1 − ψ cn | + γ
ψ∈[κ̃,1]

sup ψ −1 |1 − ψ cn |
ψ∈[1,∞)



n−c
≤ γκ̃
sup |1 − ψ
|+γ
n
ψ∈[κ̃,1]
−1
c
≤ γκ̃−1 (1 − κ̃cn ) + O(1) ×
n−c
−1
−1
= γκ̃ × o(1) + O(n )
→ 0.
cn−1

−1

nc−1
1−

n
n−c

Similarly, For the second term in Eq. (C.1) we have
−1

γen sup (θg(θ))−1+cn

−1

sup ψ −1+cn

≤ γen

θ∈[κ,∞)

ψ∈[κ̃,∞)
−1

≤ γκ̃
→ 0.
−1

en
−1

Since g(θ) is bounded on [0, κ], g(θ)cn = 1 + o(1) and therefore (1 + en )g(θ)cn = 1 + e0n ,
where e0n = o(1). Using this observation together with the bound (1 − e−θ )θ−1 ≤ 1, we have
Z κ
Z κ
0
0
|f (θ) − fn (θ)|dθ =
(θg(θ))−d |f (θ) − fn (θ)|dθ
0
0
Z κ
−1
−1
−1
=
(1 − e−θ )(θg(θ))−1−d |γ − nZn−1 θcn +d−dSbn (θ−an ) g(θ)cn |dθ
0
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Z κ
−1
−1
≤ γ[c∗ (1 + κ)]1+d
θ−d |1 − (1 + e0n )θcn +d−dSbn (θ−an ) |dθ
0
Z κ
Z κ
−1
−1
−d
cn−1 +d−dSbn (θ−an−1 )
0
θcn +d−dSbn (θ−an ) dθ.
≤γ
θ |1 − θ
|dθ + γen

(C.2)

0

0

We bound the first integral in Eq. (C.2) in four parts: from 0 to an−1 , from an−1 to an−1 + bn ,
from an−1 + bn to κ − bn , and from κ − bn to κ. The first part is equal to
Z an−1
Z an−1
−1
−1
θ−d |1 − θd+cn |dθ ≤
θ−d + θcn dθ
0

0
an−1

n 1+cn−1
θ1−d
+
θ
=
1−d c+n
0
−1
1
n
−1 1−d
(an )
(an−1 )1+cn
=
+
1−d
c+n
→ 0.
The second part is equal to
Z an−1 +bn
Z
−d
cn−1 +d−dSbn (θ−an−1 )
θ |1 − θ
|dθ ≤
an−1

an−1 +bn

θ−d + θcn

an−1
Z an−1 +bn

≤2

−1

−d

dθ

θ−d dθ

an−1
an−1 +b

n
2 1−d
θ
1−d
an−1

2
=
(an−1 + bn )1−d − (an−1 )1−d
1−d
→ 0.

=

The third part is equal to
Z κ−bn
Z
−1
θ−d |1 − θcn |dθ =
an−1 +bn

κ−bn

an−1 +b

=

−1

θ−d − θcn

−d

dθ

n

−1
1 1−d
n
θ
−
θ1−d+cn
1−d
c + n(1 − d)

κ−bn
an−1 +bn

1−d

−1
n
(κ − bn )
−
(κ − bn )1−d+cn
1−d
c + n(1 − d)
−1
(an−1 + bn )1−d
n
−
+
(an−1 + bn )1−d+cn
1−d
c+n
→ 0.

=

The fourth part is equal to
Z κ
θ

−d

|1 − θ

cn−1

Z

κ

|dθ ≤

κ−bn

−1

θ−d + θcn

−d

dθ

κ−bn

→0
using the same argument as the second part. The second integral in Eq. (C.2) is upper bounded by
Z κ
Z κ
κ1−d
0
cn−1 −dSbn (θ−an−1 )
0
θ−d dθ = γe0n
γen
θ
dθ ≤ γen
= o(n).
1−d
0
0
Since supθ∈[0,κ] π 0 (θ) < ∞ by the boundedness of g and h and π is a probability density by construction, conclude using Lemma C.3 that kµ − µn k1 → 0. It then follows from Lemma C.1 that
D
Θn =⇒ Θ.
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