Sampling and inference for discrete random probability
measures in probabilistic programs
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Size-biased representation of RPMs
A discrete RPM P = (Pj, Ωj)j≥1 is a countable collection of probability
weights and atoms. A size-biased permutation π of P, denoted P̃ is a random
permutation of the atoms of P such that [1]
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Two generative sampling algorithms for RPMs
Xn can therefore be sampled from a PYP prior with parameters α ∈ (0, 1),
θ > −α and base measure H0 as follows:
Algorithm 1 Recursive coin-flipping for sampling from the PYP
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M=0
▷ For tracking the number of atoms initialized.
for i = 1 : n do
▷ Iterate over observations.
j = 0, coin = 0
while coin==0 do
▷ Recursively (in j) flip Vj-coins until the first heads.
j=j+1
if j > M then
▷ Instantiate Vj and Ωj when necessary.
Vj ∼ Beta(1 − α, θ + jα), Ωj ∼ H0
M=M+1
end if
coin ∼ Bernoulli(Vj)
▷ Flip a Vj-coin.
end while
Xi = Ω j
▷ Xi takes the value of the atom corresponding to the first heads.
end for

Algorithm 2 Laziest initialization for sampling from the PYP
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K=0
▷ For tracking the number of atoms initialized.
for i = 1 : n do
▷ Iterate over observations.
new = true
▷ Should a new atom be created on this iteration?
for k = 1 : K do
▷ Iterate over existing atoms
coin ∼ Bernoulli(Vj)
▷ Flip a Vj-coin.
if coin == 1 then
Xi = Ωk
▷ Xi takes the value atom k
new = false
▷ A new atom is not required
break
end if
end for
if new then
▷ None of the K existing atoms was selected
K=K+1
VK ∼ Beta(1 − α, θ + Kα), ΩK ∼ H0
▷ Initialize a new atom
Xi = ΩK
▷ Xi takes the value of the new atom
end if
end for

For more general RPMs the algorithms are similar, though one typically has to
consider the total mass T of the unnormalized measure.

Continuing with the PYP, let Mn and Kn be the number of atoms instantiated
by recursive coin-flipping and laziest instantiation respectively. The first
proposition shows that Mn may have infinite expectation.
Proposition 1. Let Mn be the number of atoms instantiated by the recursive
coin-flipping scheme to sample Xn. Then Eα,θ [M1] < ∞ if and only if α < 12 .
Furthermore, for all n ≥ 1, if Mn is finite then Eα,θ [Mn+1 | Mn] < ∞ if and
only if α < 21 .
By contrast, Kn ≤ n for all α, θ.
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Figure 1: The expected number of atoms generated by recursive coin-flipping and by induced
size-biased (laziest) schemes when sampling Xn from a PYP. Empirical means and standard errors were generated via simulation because theoretical values are numerically unstable for n >
50. Left: α = 0.25, θ = 0.1. Right: Empirical means (for 4,000 simulations) for θ = 0.1 and
various α for the recursive coin-flipping scheme. (Note the log scale on the vertical axis.)

Inference for RPM mixture models in PPSs
We consider RPM mixture models for observations (Yi)1≤i≤n
P∼µ
Xi | P ∼ P
Yi | Xi ∼ F (· | Xi)
where F is a known emission distribution parametrised by Xi.
In our experiments, µ was either a NIGP or a PYP, and sampling was
implemented using a laziest initialization algorithm based on their size-biased
representations. We ran our experiments on a Gaussian mixture model with
shared variance, using the Galaxy dataset. The generative model was
implemented in Turing [3] and inference was performed using its Sequential
Monte Carlo (SMC) [4] model agnostic inference algorithm.
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▶ Random probability measures (RPMs) are a cornerstone of Bayesian
nonparametric statistics.
▶ (Prior) sampling from RPMs in probabilistic programming systems (PPSs) is
non-trivial since they have a possibly infinite countable support.
▶ Not all sampling schemes for RPMs are equivalent: we define the laziest
initialization as the one which avoids unnecessary computation.
▶ In the special case of the Pitman-Yor process (PYP), a laziest initialization
sampling algorithm exists and compares favourably with the recursive
coin-flipping sampling algorithm. The runtime of recursive
coin-flipping may have infinite expectation.
▶ Using a laziest initialization, posterior inference for a Normalized Inverse
Gaussian Process (NIGP) mixture model was implemented in the PPS
Turing: the first example in a PPS of a Bayesian nonparametric mixture
model that is not the Dirichlet process (DP) or the PYP.
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Figure 2: Visualizations of the estimated posterior predictive distribution of the PYP and NIGP
mixture models fit to the galaxy data set.

Future work
▶ Gibbs sampler: split updates for atoms location, sticks length, assignments
and hyperparameters.
▶ Variational inference using laziest initialization.
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