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Abstract
Gradient-based optimization and Markov Chain Monte Carlo sampling can be
found at the heart of a multitude of machine learning methods. In high-dimensional
settings, well-known issues such as slow-mixing, non-convexity and correlations
can hinder the algorithms’ efficiency. In order to overcome these difficulties, we propose AdaGeo, a preconditioning framework for adaptively learning the geometry
of parameter space during optimization or sampling. We use the Gaussian Process
latent variable model (GP-LVM) to represent a lower-dimensional embedding of
the parameters, identifying the underlying Riemannian manifold on which the
optimization or sampling are taking place. Samples or optimization steps are consequently proposed based on the geometry of the manifold. We apply our framework
to stochastic gradient descent and stochastic gradient Langevin dynamics and show
performance improvements for both optimization and sampling.

1

Introduction

Within the field of statistical machine learning, the performances of a large number of methods rely
heavily on the deployment of two main algorithms: gradient-based optimization (as in e.g. deep
neural networks [5], kernel methods [11], variational methods [2]) and Markov Chain Monte Carlo
(MCMC) sampling-based learning [4]. High-dimensional settings hinder these performances by
arising issues such as non-convexity, strong correlations between parameters, or multimodality:
convergence is then not reachable within a reasonable amount of time. Recent advancements
that tackles these problems include AdaGrad [3], Adadelta [15], Adam [6] and RMSProp on the
optimization side and Hamiltonian Monte Carlo [8] and Particle MCMC [1] on the sampling side.
As shown by these methods, preconditioning can help overcoming high-dimensionality issues: we
propose a new preconditioning method that exploits the advantages of probabilistic dimensionality
reduction through Gaussian Process latent variable models (GP-LVM) [7]. The proposed concept
operates as follows: after t steps of sampling or optimization, a set of samples of parameter vectors
Θ = {θ1 , . . . , θt } is obtained. By introducing a latent variable model, Θ can be described through
a lower-dimensional (latent) set Ω (formally θ = f (ω) + η, where ω ∈ Ω). GP-LVMs assume
a Gaussian Process form for the mapping f between the two sets: this generative model allows to
capture the non-linearities hidden in the parameters and to describe them effectively. By making some
assumptions of smoothness over the GP mapping f , we can access the full distribution of the derivative
process (also a Gaussian Process). Furthermore, these assuptions allow for the intrinsic structure
of the topological space where the parameters lie to be learned as a lower-dimensional Riemannian
manifold, equipped with a locally varying metric tensor which encapsulates the geometrical properties
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of the space. We suggest to perform sampling and optimization exploiting the geometrical insights of
the parameters space learned through GP-LVM. To the best of our knowledge, no generic approach
based on dimensionality reduction techniques was previously applied to improve optimization and
sampling methods. The contributions this paper brings along are the following: we develop a generic
framework for combining dimensionality reduction techniques with optimization and sampling
methods; we improve the performances of gradient descent and stochastic gradient descent, when
training respectively a Gaussian Process and a neural network; we develop an AdaGeo version of
stochastic gradient Langevin dynamics, where the information gathered through the latent space are
employed to compute the steps of the Markov chain.

2
2.1

Methods
Gaussian Process Latent Variable Model

Latent variable models aim at relating a set of observed variables Θ ⊂ RD to a set of lowerdimensional unobserved (or latent) variables Ω ⊂ RQ (with Q < D). First, a prior distribution p(Ω)
is introduced over the latent space, which we assume to induce a distribution over Θ. This relation is
described by the probabilistic mapping
θ = f (ω) + η,
(1)
where θ ∈ Θ, ω ∈ Ω and η is a noise term. Gaussian Processes (GP) describe distributions over
functions. They are defined as a collection of random variables, any finite number of which have a
joint Gaussian distribution [9]. A Gaussian Process is fully specified by a mean function m(·) and
a covariance function k(·, ·). A Gaussian Process f (·) will be denoted as f (·) ∼ GP(m(·), k(·, ·)),
where m(ω) = E[f (ω)] and k(ω, ω 0 ) = E[(f (ω)−m(ω))(f (ω 0 )−m(ω 0 ))]. Within the framework
of latent variable models, Gaussian Process latent variable models (GP-LVM) assume a GP form for
the mapping f : the likelihood of the data Θ given the latent Ω is then computed by marginalizing the
mapping and optimizing the latent variables. Note that for differentiable kernels the Jacobian J of f
has a Normal distribution (if its columns are taken to be independent):
D
Y

p(J | Θ, Ω, β) =
N Ji,: | µJi,: , ΣJ ,
(2)
i=1

where µJi,: and ΣJ are respectively the posterior mean and covariance of the Jacobian given θ and
the mapping f . Check for example [12] for the complete derivation.
2.2

AdaGeo Gradient-based Optimization

Optimization represents the most straightforward application of our approach. Consider the problem
of finding the minimum of an objective function g(θ): θ ∗ = arg minθ g(θ). This could be tackled
with an iterative gradient-based method of the form: θt+1 = θt − ∆θt , where ∆θt = ∆θt (∇g).
We propose, after t steps of optimization, to train the GP-LVM on the “samples” Θ = {θ1 , . . . , θt },
constructing this way the supporting latent space Ω. The gradients ∇θ g(θ) computed in the observed
space can be estimated into the latent space through the expectation value of the Jacobian Jf of the
transformation f :

∇ω g f (ω) = µJ ∇θ g(θ).
(3)
At this point the updates of the algorithms can be computed in the latent space, exploiting its
meaniningful topological structures:
ωt+1 = ωt − ∆ωt .
(4)
The mapping in eq. 1 can yield the actual update in the observed parameter space: θt+1 = f (ωt+1 ). It
is straightforward to plug in this framework into gradient-based optimization algorithms and formulate
an AdaGeo version of the previously cited stochastic gradient descent and relative developments
(e.g. AdaGrad [3], Adadelta [15] and Adam [6]). Empirically we find that, for the optimization case,
the best strategy is to alternate phases of classic optimization updates to phases of latent updates
(appendix A, algorithm 1). This is to overcome the exploration issues GP-LVMs suffer from: these
models tend to warp onto a single point those portions of the space data did not cover. Alternating
the updates means being able to explore the space through SGD (or one of its variants), codify it with
GP-LVM and exploit the newly acquired topological information until exhaustion; the process is then
repeated. This scheme becomes necessary as the GP-LVM optimizer starts to saturate and gets stuck
somewhere along the way if the optimum is far from the starting point.
2

2.3

AdaGeo Stochastic Gradient Langevin Dynamics

In Bayesian sampling, we are given a dataset X and a generative model p(X, θ) parameterized by
θ ∈ RD , on which we impose some prior p(θ). Inference consists in getting insights on the posterior
p(θ | X) = p(X | θ)p(θ)/p(X), but because of the difficulties in computing the denominator an
approximation is preferred, often through the form of posterior sampling. In particular, Metropolisadjusted Langevin algorithms (MALA), are MCMC sampling methods that, coupled with Langevin
dynamics [8], enable to sample from the posterior.
Stochastic gradient Langevin dynamics (SGLD) [13] implements this kind of sampling. The iterative
algorithms belonging to the stochastic optimization category [10] behave as follows. At each step t, a
mini-batch Xt = {xt1 , . . . , xtn } is stochastically extracted from the dataset and the parameters are
updated:
!
n
NX
t
∇θ log p(θt ) +
∆θt =
∇θ log p(xi | θt ) + ηt
(5)
2
n i=1
where ηt ∼ N (0, t I) and t is a time-evolving learning rate. In particular, for large enough t the
system will transition into Langevin dynamics, which converges to the true posterior distribution.
When Langevin dynamics occur, the algorithm does not need acceptance/rejection steps [13]. As an
example of how GP-LVMs could help in sampling from high dimensional distributions, we show
how our contribution integrates SGLD. After t steps of sampling, we obtain a set of parameters
Θ = {θ1 , . . . , θt }. With GP-LVM, it is possible to construct the Q-dimensional latent space Ω
(where Q < D), which would condense the relevant features of Θ in a simpler framework. Now
we can perform the update in the latent space; subsequently the GP-LVM mapping f (ω) in eq. 1
would be used to move back onto the original space and obtain the new observation. In the case of
the SGLD sampler, the latent update can be written as:
!
n
 NX

t
∇ω log p f (ωt ) +
∇ω log p xti |f (ωt ) + ηt ,
(6)
∆ωt =
2
n i=1
where ηt ∼ N (0, t I). As before, we can compute the gradients of the likelihood with the Jacobian
of the mapping f (eq. 6). We call this method AdaGeo stochastic gradient Langevin dynamics
(AdaGeo-SGLD, appendix A, algorithm 2).

3
3.1

Results
AdaGeo Sampling: High-dimensional Banana Distributions

We employed the AdaGeo version of the SGLD sampler to sample from a probability density, the
so-called “banana” distribution. In D dimensions this particular PDF p(θ) assumes the form


D
2
2
2
X
θ
(θ
−
bθ
+
100b)
2
1
p(θ) ∝ exp − 1 −
−
θj2  .
(7)
200
2
j=3
The main feature of this probability distribution is a sort of banana-shaped structure between the first
two components of θ (figure 1a) while the remaining components act as Gaussian noise. The first set
of 100 samples is obtained with a vanilla Metropolis-Hastings Monte Carlo, with 10,000 burn-in steps
and a thinning factor of 250. AdaGeo-SGLD is then employed to produce 250 samples, allowing
for 1000 burn-in iterations and a thinning factor of 100. Results are shown in figure 1b and 1c: it is
possible to see that the relevant areas of the distributions are well covered by the samples, and that
the main characteristics are represented properly. Together with a better coverage of the distribution,
it is important to note that a relevant speed up is obtained, as the sampler acts on a 5-dimensional
latent space. Autocorrelation plots can be found in appendix B.
3.2

AdaGeo Optimization: MNIST with Neural Networks and Gaussian Process Training

First, we implement logistic regression on the MNIST dataset with a simple fully connected neural
network, consisting of a single layer of 784 nodes featuring a sigmoid activation function. The 7850
weights are modeled through a 9-dimensional latent space. As a fair comparison, we choose to
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Figure 1: Sampling from a 50-dimensional banana distribution with AdaGeo-SGLD.
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Figure 2: Results obtained with AdaGeo when applied to gradient-based optimization.
train the network using vanilla stochastic gradient descent and the corresponding AdaGeo version,
alternating Tθ = 20 normal updates to Tω = 30 latent ones until convergence. Results are shown
in figure 2a: with latent SGD updates we are able to outperform vanilla SGD and reach the local
optimum almost 2 epochs in advance.
Finally, we train a Gaussian Process on the Concrete Compressive Strength Data Set [14]. The
kernel is defined by a linear composition of different kernels [9]: radial basis function, Matérn
kernel with parameter ν = 5/2, another Matérn kernel with parameter ν = 3/2, a linear kernel and
some bias, yielding a total of 9 parameters. The idea is to use a simpler kernel (the GP-LVM one,
squared exponential) to fit the hyper-parameters of a more complex one. We run gradient descent
with Nesterov momentum and AdaGeo-gradient descent, with Tθ = 15, Tω = 15, and learning rates
respectively latent = 10−3 , observed = 10−5 . The dimension of the latent space is equal to 3. As we
can see from figure 2b, AdaGeo successfully improves the performances of gradient descent and
significantly speeds up training.

4

Conclusion

We propose a novel method that couples Gaussian Process latent variable models with optimization
and sampling algorithms, in order to boost their performances and overcome the issues deriving
from high dimensionality. In particular, we show how to include our approach in existing (gradientbased) optimization and sampling (stochastic gradient Langevin dynamics) algorithms. Furthermore,
the methods that this work illustrates help sampling even in the simpler cases that don’t require
gradients (Metropolis-Hastings, Gibbs, etc.). Indeed, through dimensionality reduction the problems
of sampling a high-dimensional space are efficiently tackled. Due to its modular nature, the approach
presented in this paper is suitable for a large number of potential applications (more sophisticated
gradient-based optimization algorithms, variational inference, Hamiltonian Monte Carlo).
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A

Algorithms

Here we show the pseudo-code for AdaGeo gradient-based optimization and Adageo stochastic
gradient descent.
Algorithm 1 AdaGeo gradient-based optimization
1: while convergence is not reached do
2:
Perform Tθ iterations with classic updates:

Algorithm 2 AdaGeo stochastic gradient
Langevin dynamics
1: Sample t values in the original space us2:

∆θt = ∆θt (∇θ g(θ))
Train the GP-LVM model on the samples got by optimization
Continue performing Tω using the
4:
AdaGeo optimizer:

3:

3:
4:
5:

∆ωt = ∆ωt (∇ω g(f (ω)))
ωt+1 = ωt − ∆ωt

6:

and moving back to the parameter space
with
θt+1 = f (ωt+1 ).
5: end while.
B

7:

ing classic SGLD and construct the set
Θ = {θ1 , . . . , θt }
Train the GP-LVM model on Θ, obtaining this way a mapping f : Ω → Θ
Choose ω0 as the latent point corresponding to the last item in the dataset θt and
use it as next starting point
for tω = 1 : N do
Compute the update in the latent
space as described in eq. 6, which yields
ωtω +1
Project the new ωtω +1 onto the observed space Θ to get θtω +1
end for

Autocorrelation Plots

In this section we report the autocorrelation plots for the experiment described in section 3.1,
respectively for θ1 and θ2 . Standard Metropolis-Hastings can be found on the left while our method,
SGLD with AdaGeo, on the right. While Metropolis-Hastings suffers from high autocorrelation
despite a long burn-in and large thinning factor, samples from SGLD-AdaGeo does not suffer from
any autocorrelation.
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Figure 3: Autocorrelation functions for θ1 and θ2 for the samples obtained with Metropolis - Hastings.
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Figure 4: Autocorrelation functions for θ1 and θ2 for the samples obtained with Metropolis - Hastings.
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